In this paper, constructions of some double circulant self-dual codes by generalized cyclotomic classes modulo 2p in terms of the theory of Galois rings , where p is an odd prime. This technique is applied to [12, 6, 4] and [44, 22, 8] binary self-dual codes to obtain optimal self-dual codes over GF(2). This paper also shows that the corresponding length 28 code contains a weight 9 codeword over GF(4) and thus is highest known. Based on the properties of generalized cyclotomy, some of these codes can be proved to possess good minimum weights.
I. INTRODUCTION
S ELF-DUAL codes have important applications in transmission. Constructing self-dual codes which have good minimum weight has been an important research problem. And a number of papers devoted to constructing self-dual codes [1] . Most of self-dual codes which are double circulant codes have high minimum distance [2] . The generalized cyclotomic classes have wide applications in constructing sequences [3, 4] , cyclic codes [5, 6] and difference sets [7] . There are a number of results about generalized cyclotomic sequences of length 2p [8, 9] . Motivated by the constructions of double circulant codes by cyclotomic classes of order four [10] , we give constructions of double circulant codes by generalized cyclotomic classes modulo 2p for an odd prime p. All computations have been done by MAGMA V2.20-4 [11] on a 3.40 GHz CPU. This paper is organized as follows. In Section II, we present definitions and some preliminaries about self-dual codes and generalized cyclotomic classes. In Section III, three families of self-dual codes are given. Section IV concludes the paper.
II. PRELIMINARIES

A. Self-Dual codes
A linear code C of length n and dimension k over finite field GF(l) is a k-dimensional subspace of GF(l) n , where l is a prime power. A generator matrix G of the code C is a k × n matrix over GF(l). The elements of C are called codewords. The Euclidean inner product is defined by 
. , x n ) and y = (y 1 , . . . , y n ). The Euclidean dual code, denoted by C ⊤ , of linear code C is defined by
And we have dim(C) + dim(C ⊤ ) = n. C is said to be Euclidean self-orthogonal if C ⊂ C ⊤ and Euclidean self-dual if C = C ⊤ . If C is dual-self code, the dimension of C is n/2. From now on, what we mean by self-dual is Euclidean self-dual.
B. Hamming Distance
The Hamming distance of codewords x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ), denoted by d(x, y), is defined to be the number of places at which x and y differ. The Hamming weight wt(x) of a codeword x = (x 1 , . . . , x n ) is wt(x) = d(x, 0) and the minimum Hamming distance d(C) of a code C is equal to the minimum nonzero Hamming weight of all codewords in C. Then for the self-dual codes, we have the following result. Lemma 1: [12] Let C be a self-dual code over GF(l) of length n and minimum Hamming distance d(C). Then we have (i) If l = 2, then d(C) ≤ 4 n 24 + 4, if n ≡ 22 (mod 24); 4 n 24 + 6, if n ≡ 22 (mod 24). (ii) If l = 4, then d(C) ≤ 4 n 12 + 3. The code C is called extremal if the above equality holds. A self-dual code is called optimal if it has the highest possible minimum distance for its length.
C. Generalized Cyclotomy and Generalized Cyclotomic Number
Let p be an odd prime and g a common primitive root modulo both p and 2p [13] . Define
For the national simplicity, we introduce the cyclotomic numbers corresponding of order two with respect to p are defined by
, for all i, j = 0, 1.
If p ≡ 3 (mod 4), then
Proof:
It can be easily proved from Lemma 3 and lemma 4. Defined
With notations as before. We have Lemma 8: [16] Let i, j ∈ {0, 1},
where l = 0 if p ≡ ±1 (mod 8) and l = 1 if p ≡ ±3 (mod 8).
Lemma 9: For each τ ∈ Z * p , i, j = 0, 1,
Proof: It can be easily proved from Lemma 3 and lemma 4.
Lemma 10: [15] For each τ ∈ Z * p , i, j = 0, 1,
D. General Results
Let m 0 , m 1 , m 2 , m 3 , m 4 and m 5 be elements of GF(l). The
Define by I 2p and J 2p the identity and the all-one square 2p × 2p matrices. Then C 2p (1, 0, 0, 0, 0, 0) = I 2p and C 2p (1, 1, 1, 1, 1, 1) = J 2p . Denote P 2p := C 2p (0, 1, 0, 0, 0, 0), D 1 := C 2p (0, 0, 1, 0, 0, 0), D 2 := C 2p (0, 0, 0, 1, 0, 0), A 1 := C 2p (0, 0, 0, 0, 1, 0) and A 2 := C 2p (0, 0, 0, 0, 0, 1).
The following result will be needed in the sequel.
For convenience, we denote
Definition 1: Let GP n (R) be codes with generator matrices of the form
where R is an n × n circulant matrix. The codes GP n (R) are called pure double circulant codes, respectively. Let
Then the codes with generator matrices GP n ( − → m) are called double circulant codes.
The main theorem of this section is: Theorem 1: Let − → m ∈ GF(l) 5 . Then the code with generator matrix GP n ( − → m) is self-dual over GF(l) if and only if the following holds:
Proof: The result follows from
III. DOUBLE CIRCULANT SELF-DUAL CODES OVER FIELDS
A. Self-Dual Codes Over GF (2) In this section, we construct two families of self-dual codes over GF (2) . As a preparation, we have the following lemmas. 
Proof: The proof is straightforward from the definitions of these sets. Lemma 13: Let p = 8ω + 3, then (0, 0) p ≡ (1, 0) p ≡ (1, 1) p ≡ 0 (mod 2), (0, 1) p ≡ 1 (mod 2).
(0, 0) p = p − 3 4 = 8ω 4 = 2ω ≡ 0 (mod 2), (0, 1) p = p + 1 4 = 8ω + 4 4 = 2ω + 1 ≡ 1 (mod 2).
Theorem 2: Let p = 8ω + 3, then the following holds: The codes with generator matrices GP 2p (1, 1, 0, 1, 1, 1) , GP 2p (1, 1, 1, 0, 1, 1) , GP 2p (1, 1, 1, 1, 0, 1) and GP 2p (1, 1, 1, 1, 1, 0) over GF(2) are self-dual of length 4p.
Proof: Let p be a prime of the form 8ω + 3, then D 0 (1, 1, 0, 1, 1, 1) = m 2 0 + m 2 1 + m 2 2 + m 2 3 + m 2 4 + m 2 5 ≡1 (mod 2), D 1 (1, 1, 0, 1, 1, 1) ≡ 0 (mod 2), (1, 1, 0, 1, 1, 1 
Thus the code with generator matrix GP 2p (1, 1, 0, 1, 1, 1) over GF(2) is self-dual of length 4p. The rest of this theorem can be proved similarly.
B. Self-Dual Codes Over GF(4)
In this section, we construct a family of self-dual codes over GF (4) . let η be the fixed primitive element of GF(4) satisfying η 2 + η + 1 = 0.
Lemma 14:
Let ω be integer and p be a prime of the form 8ω + 7, then
Proof: The proof is straightforward from the definitions of these sets. Lemma 16: Let p = 8ω + 7, then (0, 0) p ≡ (1, 0) p ≡ (1, 1) p ≡ 1 (mod 2), (0, 1) p ≡ 0 (mod 2).
(0, 0) p = p − 3 4 = 8ω + 4 4 = 2ω + 1 ≡ 1 (mod 2), (0, 1) p = p + 1 4 = 8ω + 8 4 = 2(ω + 1) ≡ 0 (mod 2). 7, 9] 7 GP 14 (1, η, 0, 0, η + 1, 1) highest known [28, 7, 9] 7 GP 14 (1, 0, η, η + 1, 0, 1) highest known Theorem 3: Let p = 8ω + 7, then the following holds: The codes with generator matrices GP 2p (1, η, 0, 0, η + 1, 1), GP 2p (1, η + 1, 0, 0, η + 1, 1), GP 2p (1, 0, η, η + 1, 0, 1) and GP 2p (1, 0, η +1, η, 0, 1) over GF(4) are self-dual of length 4p.
Proof: Let p be a prime of the form 8ω + 3, then D 0 (1, 0, η, η + 1, 0, 1) =m 2 0 + m 2 1 + m 2 2 + m 2 3 + m 2 4 + m 2 5 ≡ 1 (mod 2), D 1 (1, 0, η, η + 1, 0, 1) ≡ 0 (mod 2), . Thus the code with generator matrix GP 2p (1, 0, η, η + 1, 0, 1) over GF(4) is self-dual of length 4p. The rest of this theorem can be proved similarly.
IV. SUMMARY AND CONCLUDING REMARKS
In this paper, we construct several double circulant selfdual codes by generalized cyclotomic classes modulo 2p in terms of the theory of Galois rings , where p is an odd prime. Because of several good randomness properties, some of them have good parameters. These can enrich the choices of methods to construct good self-dual codes. We believe that these constructions will lead to good self-dual codes. It seems that the construction method by generalized cyclotomic classes is a rich source to obtain codes with good parameters.
